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Introduction
On a normal distribution, sample variance does not perform better than population variance, as
a point estimator, evaluated by Mean Squared Error (MSE). Similarly, on a Bernoulli distribution,
sample variance does not perform better than population variance [1], as a point estimator, eval‐
uated by MSE and Probability of Impossible Estimand [1].

However, this underperformance of sample variance does not extend to the sum of variances of
a multivariate distribution. Depending on the multivariate distribution, below a certain number
of samples and above a certain number of variates (or dimensions), sample variance achieves
lower MSE than population variance. This document provides simple conditions for when lower
MSE is achieved.

Formal Setup
In this document, a -dimensional random vector  defines the multivari‐
ate distribution under consideration. All   must be jointly independent and must have finite

mean and variance.  denotes the population variance at variate  with  samples from the
multivariate distribution. 

where  is the -th sample from the -dimensional multivariate distri‐
bution. Let  equal the estimator expectation averaged across dimensions. 
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and  equal the estimator variance averaged across dimensions. 

Conditions favoring sample variance
By Corollary 2 the sum of samples variances has lower MSE than the sum of population variances
if and only if 

This result applies to any distribution as long as   and   exist. We can see that for a large
numbers of dimensions and not particularly small average estimates, the condition is met for
sample variance to outperform population variance.

More precise conditions can be found assuming particular distributions such as Bernoulli and
normal distributions.

Multivariate Bernoulli distributions
With Theorem 1 the following simple condition 

implies the sample variance achieves lower MSE than population variance. The  are the prob‐
abilities of the Bernoulli distributions, but after flipping any Bernoulli distributions to have prob‐
abilities less than . In other words, if any distribution  has probability , the cor‐
responding random variable  can be replaced by a flipped random variable .

Multivariate normal distributions
For a multivariate normal distribution with equal variances across dimensions, Theorem 4 shows
that sample variance achieves lower MSE than population variance if and only if 

If all   are close to   and all   are close to  , then the inequality condition of
Theorem 4 is only approximate 

Conclusion
As long as  these exists  a  finite  average across  dimensions of  variance to  be estimated and
variance of the estimates, there is some number of dimensions large enough for the sum of
sample variances to be a better estimator than the sum of population variances, as measured by
MSE.

In the general case, Theorem 1 provides a simple condition based on averages across dimen‐
sions. In the case of multivariate Bernoulli distributions, if the sum of distribution probabilities
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is greater than , then sample variance performs better. For multivariate normal distribu‐
tions whose variates are independent and approximately identical, sample variance will achieve
lower MSE after  dimensions.

Proofs

Theorem 1

Given   independent samples from a multivariate distribution of   jointly  independent

Bernoulli distributions with probabilities  for , if 

then the sum of sample variances has lower MSE than the sum of population variances.

Proof
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By Theorem 3, 
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From Theorem 2, it follow that the sum of sample variances has smaller MSE than the sum of
population variances.

Theorem 2

Consider any estimator  of parameter  from a specific distribution where 

It follows that 

if and only if 

Proof

QED

Corollary 2

Given  independent samples from a multivariate distribution of  jointly independent dis‐
tributions, the sum of sample variances has lower MSE than the sum of population variances if
and only if 

where  and  are defined in section ‘Formal section’.
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The population parameter to be estimated is the sum of variances 

 denotes the sum of population variances of the components. 

The expectation of population variance [2] at component  is 

and thus the expectation of the sum of population variances is 

The expected value and variance of the sum of population variances can be expressed in terms
of these averages. 

Thus by Theorem 2 the sum of samples variances has lower MSE than the sum of population vari‐
ances if and only if 

QED

Theorem 3

Given independent samples , …,  from a multivariate distribution of  Bernoulli distribu‐
tions with probabilities  for , 

where  and  are defined in section ‘Formal section’ and  denote the average across com‐
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where  is the -th sample from the -dimensional multivariate distri‐
bution. By Lemma 1, it is accurate to call  population variance.

By Lemma 2, 

From the expectation of population variance, the variance of a Bernoulli distributions, and 

, for all  we have 

Combining results gets 

Theorem 4

Given   samples from a multivariate distribution of jointly independent normal distribu‐
tions all with variance , the sum of sample variances has lower MSE than the sum of popula‐
tion variances if and only if 
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and thus 

which means the inequality of Theorem 2 can be replaced with 

and further simplified to 

QED

Lemma 1
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1n∑i=1n(Xi−p^)2=1n∑i=1nXi2−2p^c1n∑i=1nXi+p^2=1n∑i=1nXi−p^2=p^−p^2=p^(1−p^) \begin{aligned} \frac{1}{n} \sum_{i=1}^n \left(X_i - \hat{p} \right)^2 & = \frac{1}{n} \sum_{i=1}^n X_i^2 - 2 \hat{p}_c\frac{1}{n} \sum_{i=1}^n X_i + \hat{p}^2 \\ & = \frac{1}{n} \sum_{i=1}^n X_i - \hat{p}^2 \\ & = \hat{p} - \hat{p}^2 \\ & = \hat{p} (1-\hat{p}) \\ \end{aligned} 
X −

n

1

i=1

∑
n

( i p̂)2 = X − 2 X +
n

1

i=1

∑
n

i
2 p̂c

n

1

i=1

∑
n

i p̂2

= X −
n

1

i=1

∑
n

i p̂2

= −p̂ p̂2

= (1 − )p̂ p̂

SSS

Var [S]≤E [S]4 \operatorname{Var}\!\left[{ S}\right] \le \frac{{\operatorname{E}\!\left[{ S}\right]}}{4} Var S ≤[ ]
4

E S[ ]

Archived baseprint swh:1:dir:6d5bc9f8586d05cc12b2f4370c3618d0627a35bb 7 of 8

https://archive.softwareheritage.org/swh:1:dir:6d5bc9f8586d05cc12b2f4370c3618d0627a35bb
https://archive.softwareheritage.org/swh:1:dir:6d5bc9f8586d05cc12b2f4370c3618d0627a35bb
https://archive.softwareheritage.org/swh:1:dir:6d5bc9f8586d05cc12b2f4370c3618d0627a35bb


1. 

2. 

Define  as in Lemma 1. Since , the following inequalities must hold. 

QED
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p^\hat{p}p̂ p^∈[0,
1]
\hat{p}
\in
[0,
1]

∈p̂ [0, 1]

p^(1−p^)≤14p^2(1−p^)2≤p^(1−p^)4E [S2]≤E [S]4E [S2]−E [S]2≤E [S](14−E [S])Var [S]≤E [S]4 \begin{aligned} \hat{p} (1-\hat{p}) & \le \frac{1}{4} \\ \hat{p}^2 (1-\hat{p})^2 & \le \frac{\hat{p} (1-\hat{p})}{4} \\ {\operatorname{E}\!\left[{ S^2}\right]} & \le \frac{{\operatorname{E}\!\left[{ S}\right]}}{4} \\ {\operatorname{E}\!\left[{ S^2}\right]} - {\operatorname{E}\!\left[{ S}\right]}^2 & \le {\operatorname{E}\!\left[{ S}\right]} \left(\frac{1}{4} - {\operatorname{E}\!\left[{ S}\right]}\right) \\ \operatorname{Var}\!\left[{ S}\right] & \le \frac{{\operatorname{E}\!\left[{ S}\right]}}{4} \\ \end{aligned} (1 − )p̂ p̂

(1 − )p̂2 p̂ 2

E S[ 2]

E S − E S[ 2] [ ]2

Var S[ ]

≤
4
1

≤
4

(1 − )p̂ p̂

≤
4

E S[ ]

≤ E S − E S[ ] (
4
1

[ ])
≤

4
E S[ ]
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