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QUESTION: For any stationary markov process, is the autocorrelation of an interval the
product of the autocorrelations of subintervals?

Summary

A stationary process Z; has multiplicative autocorrelation when

Cor(Zy, Z,) = Cor|Z;, Z;] Cor|Zs, Z,]

forallt < s < r. Autocorrelation is defined as

Cot[Z:, Z,) := Cov[Zi, Z,]

o2

with 02 = Var(Z;).

A stationary autoregressive process has multiplicative autocorrelation [1]. However, not all
stationary Markov processes have multiplicative autocorrelation. See the section below about
a real-valued 3-state Markov chain for a counterexample.

Among discrete-time stationary processes, only autoregressive processes have multiplicative
autocorrelation. Some Markov processes are not obviously autoregressive processes even
though technically they are. For example, all stationary real-valued two-state Markov chains
are autoregressive (and thus also have multiplicative autocorrelation).

Multiplicative autocorrelation implies
autoregression

Consider any real-valued discrete-time stationary Markov process Z; and translate it to Z; :=
Z; — B[ Z]] without loss of generality.
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Let

o? := Var(Z;)
p = COV{Zt, Zt+1] /0'2

Multiplicative autocorrelation implies
Cor[Zy, Zy 1) = p"

Cov|Z;, Zyin) = p"0”

Define what will be shown to be “white noise” of Z; as autoregressive process:

€ = Zy — pli 1
By convenient translation,
E[Z] =0
€ — 0
COV[Zt7 Zs] == E[ZtZs]

Consider any nn > 0.

Blescesn] = B{(Ze — pZes) (Zovn — piin )]
E[ZZyin) + P°E[Zi-1Z1in1] — P(E[Z Zysn1) + E|Z4-1Z140))
— (1 —l—p2)p"02 _ p(pn—10_2 +pn+102)

thus ¢; satisfies the “white noise” condition for expressing Z; as the autoregressive process

Zi1 = ply + €

QED

Real-valued 2-state Markov chain

For any stationary two-state Markov chain [1] Z;,

Cor[Z;, Zy| = Cor|Zy, Z,| Cor|Zs, Zy)
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Proof Let

Q1 P(Zt a
qo ‘= P(Zt =ap
Map Z; to a more convenient
Zi —a
Y, = ¢ 0
ap —ap

Since Y; only equals 0 or 1:

EY,]=E[Y/] =q

and thus

Var(V;) = ¢1 — ¢} = q1q0

For convenience let
po:=PY1=0|Y=1)
pr=P(Yi =1 Y = 0)
§:=po+Dp

Since Y} is stationary, it follows that ¢; = p;/s for ¢ € {0, 1}. In preparation for induction,
assume

PY;=1|Yy=1) =q +q(1 —s)
P(Y,=1|Y=0)=q —q(l-s)

It must follow that
PYi1=1|Yy=1)=PY;1=1|Y1=1)(1—po) +P(Ye;1 =1|Y1 = 0)po

=lg1 + (1 — 971 —po) + [ — a1(1 — 5)"]po
= a1 + [go(1 — po) — @po](1 — s)’
= a1+ [g0(1 — po) — (1 — qo)po] (1 — 5)’
= @1+ [g0 — po] (1 — s)"
= a1 + g0 — qs](1 — s)*
=q +q(l—s)"™

and

Baseprint snapshot swh:1:dir:6fdd10a1375194b46b1825761200d5868dbe8e62 30of5



PY;1=1|Y=0)=PYiu=1|Y1=1)p +P(Yis =1|Y1 =0)(1 —p1)
= g1+ (1 —5)Tp1 + [ — (1 — 9)1(1 — p1)
=q + [gop1 — @1 (1 — p1)](1 — s)’
=q+[(1-—q)p—a(l—p)(1—s)
=q + [P — (1 - s)
=q + [@s —q](1—s)
— g — (1 — 5)t!

which completes induction, noting the base case of t = 0 is true.
Due to the convenient mapping to Y3,
E[Y;Y;] =P(Y, = 1| Yy = 1)P(¥; = 1)

= (g1 +qo(1— S)t)(h
=q; + qoq (1 — )’

thus
Cov[Y;, Yo] = E[V;Y)] — E[V;]E[Yo)
=gl +qqu(l—s) —q
=qoqi(1 — s)’
Cor[Y;, Y] = (1 — s)*
QED

Counterexample of Real-Valued 3-State
Markov Chain

Let Z; be a stationary Markov process such that

P(Z =-1)=P(Z,=0)=P(Z, =1)=1/3

P(Zy1=0|2,=-1)=1/2
P(Zt+1 =1 ’ Zt - O) == 1/2
P(Zt+1 =-1 ’ Zt - 1) - 1/2

and forall¢ € {—1,0,1},

P(Zy=i| Zy=1i)=1/2

Conveniently E[Z;] = 0, thus Cov|[Z;, Z;| = E[Z;Z]. For one time step we have
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P(Z1 =11 Zo=1) = (1/3)(1/2)
P(Z1=-1N2Z=1) =(1/3)(1/2)
P(Z = -1NZy=-1)=(1/3)(1/2)
thus autocorrelation of one time step must be positive:
B[Z0%] = (1- 1)% +(-1- 1)% (-1 —1)% _ %
For two time steps
P(Zy=1AZy=1) = (1/3)(1/2)
P(Zy=—-1AZy=1) = (1/3)[(1/2)* + (1/2)*]
P(Zy=1AZy=—1) = (1/3)(1/2)*
P(Zy = —1 A Zy = —1) = (1/3)(1/2)?
thus the autocorrelation for two time steps must be negative:
B[ZZ0] = (1- 1)% + (-1 1)% L1 —1% +(-1- —1)1—12 _ _é
thus
COI‘[ZQ, Z()] / COI‘[ZQ, Zl] @or[Zl, Zo]
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